A solvable class of product-type systems of difference equations with two dependent variables on the complex domain is presented. The main results complement some recent ones in the literature, while their proofs contain some refined methodological details. We provide closed form formulas for general solutions to the system or give procedures for how to get them.
Introduction
Nonlinear difference equations and systems have been studied a lot in the last few decades Some of the equations and systems that we have studied recently, such as the ones in [] and [] (see also [] ), are obtained by adding constants to the right-hand sides of some product-type equations/systems or by taking the maximum of some constants and the right-hand sides of the equations/systems. This means that they are related to the product-type ones, which are usually some kind of boundary cases. The case of positive initial values and multipliers is simple, since in that case the equations/systems can easily be treated by one of the simplest transformation methods. The case of complex initial values is more complex due to the fact that complex functions need not be single valued. Hence, our methods in [, , ] and other related papers cannot be applied. This has motivated us to start investigating product-type systems on the complex domain. In a series of papers, see [, , , -], we have obtained some results in the area (during the study of the equation in [] we came across a product-type equation). In our first papers on the topic (see [, , ]) the systems have not had coefficients different from one. However, not long after that we have introduced two coefficients and also got solvable systems (this was done for the first time in [] , and somewhat later in [-]). We have also observed the fact that there are only a few solvable product-type systems of difference equations with two dependent variables. Hence, our aim is to describe all such producttype systems and present formulas for the general solutions for each of them.
This paper complements our previous results on the solvability of product-type systems of difference equations with two dependent variables, by studying the following one:
where a, b, c, d ∈ Z, α, β ∈ C and z - , w - , w - ∈ C. To do this we will modify ideas and methods from our previous papers, for example, the ones in [, -].
If the initial values belong to the following set:
and if some of the exponents a, b, c, d are negative, then such solutions are not defined. Hence, this set of initial values will not be taken into consideration. Besides, if α =  or β = , we get z n =  and w n =  for every n ∈ N  , respectively, which are quite simple cases, or also obtain solutions which are not well defined, so, we will also assume that α =  = β. We use the convention l i=k a i = , when l < k, throughout the paper.
Main results
Our main results are presented here. The following three cases will be considered separately:
Clearly, in case (i) from c =  and ac = bd it immediately follows that bd = , but we have chosen to write ac = bd at this point, to point out that the whole analysis essentially depends on the values of the quantities c and ac -bd, that is, if they are equal to zero or not.
First, we will consider case (i), then case (iii) and at the end case (ii), for the presentational reasons.
Then the following statements hold.
(a) If a = , then the general solution to system () is given by the following formulas:
and
the general solution to system () is given by the following formulas:
Proof Since c = , we have
From () and bd =  is obtained
From () we easily get
which, along with
By using equation () along with the formula for the sum of the geometric progression we see that equation () holds when a = , while equation () is directly obtained for a = .
From (), the equality w n = βz d n- , and the condition bd = , we obtain
By using equation () along with the formula for the sum of the geometric progression we see that equation () holds when a = , while equation () is directly obtained for a = , completing the proof of the theorem.
Proof Since α, β ∈ C \ {} and z - , w - , w - ∈ C \ {}, using () it easily follows that z n =  for n ≥ - and w n =  for n ≥ -. Thus, from () we have
From () and () we get
Then
From () is obtained
for n ∈ N, where
Suppose that
for a k ∈ N and every n ≥ k -, and
From () with n → n -k and (), it follows that
for n ≥ k, where
Equalities (), (), (), (), (), and the induction show that (), (), and (), hold for every k, n ∈ N such that  ≤ k ≤ n + . Note that () holds also for k = . For k = n + , () becomes 
where we have also used the fact z  = αz
(), (), and (). Further note that () implies that (a k ) k≥ is a solution to the equation
Since c  = , from (), we get
from which it follows that we can calculate a l for every non-positive l, that is, for k ≤ . A direct calculation shows that
respectively, whereas (y k ) k≥- satisfies () and
From () and since a  = , we get
The solvability of () shows that for (a k ) k≥- can be found a closed form formula. Therefore, using equation () and known formulas for the following sums:
where j = ,  (see, e.g., [, ]), the closed form formula for (y k ) k∈N is easily obtained. This along with () shows the solvability of (). From (), we also have
Equalities () and () yield
We have
Similarly as above we get
where 
for n ∈ N  . The solvability of () along with () shows that for (a k ) k≥- we can find a closed form formula, from which along with () the formulas for y k can also be obtained, as described above. These facts along with () imply the solvability of equation (). It is not difficult to show that formulas () and () really represent solutions to system (). Thus, system () is also solvable in this case, as claimed. () with a, b, c, d ∈ Z, ac = bd, α, β ∈ C \ {}, and z - , w - , w - ∈ C \ {}. Then the general solution to system () is given by () and (), where (a k ) k∈N satisfies equation () with initial conditions (), while (y k ) k∈N is given by () and can be found by using formulas for the sums in (). 
Corollary  Consider system
where Then from (), with n → n -k and (), we get
for n ≥ k, wherê
Equalities (), (), (), (), and the induction show that () and (), hold for every k, n ∈ N such that  ≤ k ≤ n + . Note that the equality in () also holds for k =  (see ()). For k = n + , () becomes This andâ  =  implŷ
Since () also holds, using the condition ac = bd, we get If a  = -c and a + c = , then we have a n = (n + )λ n  , n ∈ N  , (   )
